We show that rapidly rotating cylinders sliding on smooth surfaces can exhibit novel trajectories. The lateral deflection can be as large as the net displacement in the initial direction of motion. With a large enough initial angular speed, the cylinder can trace out a spiral trajectory having a large number of loops. An exact analytical result for large lateral deflection is also derived.
Introduction
In previous works [1] [2] [3] [4] [5] [6] , we investigated the motions of rotating, sliding cylinders, including the motion of curling rocks moving over "pebbled" ice. What was not done in those works, and is the principal focus of this paper, is the following. Rapidly rotating cylinders sliding over smooth surfaces can follow trajectories that have large lateral displacements. The possible trajectories we report have novel features. For example, we will show that the lateral displacement can be as large as the distance traveled along the initial direction of motion. One can also arrange for trajectories with several spirals. We also report a special case where an exact, analytical solution can be obtained.
Equations of motion
A rotating cylinder sliding on a smooth surface will follow a curved path if the quantity µ 0 h/r > 0, where h is the height of the center of mass above the underlying surface, µ 0 is the coefficient of kinetic friction, and r is the radius of the annulus that makes contact with the surface. The curved path is a consequence of the nonuniformity of the friction that acts on the contact annulus of the cylinder [4, 6] . The inertial coordinate systems and the trajectory of a rapidly rotating cylinder are shown. The y-axis is in the direction of the initial velocity v 0 of the center of mass of the cylinder; the x-axis is perpendicular to the y-axis, as shown. The trajectory of the cylinder is indicated by the curve. The instantaneous inertial frame with unit vectors e v and e T is also shown and is fully described in the text; e v is in the direction of the velocity of the center of mass and e T is transverse to e v . We also show the angle, ψ(t), from the +y-axis to +e v . The trajectory is for counterclockwise rotation of the cylinder.
The equations of motion for the case of rapid rotation are given below. By rapid rotation, we mean that rω 0 >> v 0 , where ω 0 is the initial angular speed and v 0 is the initial translational speed. One needs only to derive the equations for the net force and net torque acting on the cylinder. We focus on cylinders that make contact with the underlying surface via a thin contact annulus of radius r and width r (with r r). We first describe the inertial frames used for our calculations. We define the y-axis to be in the direction of the initial velocity v 0 of the center of mass of the cylinder, the x-axis is perpendicular to the y-axis, and the z-axis is normal to and away from the surface. We also define an inertial frame with unit vectors e v and e T such that e v is in the direction of the instantaneous velocity v(t) of the center of mass, e T is transverse to e v , with e T × e v = e z , where e z is a unit vector in the +z-direction. Note that the instantaneous angular velocity ω(t) is in the +z-direction for counterclockwise rotation.
For the case of rapid rotation and large curl, the expression for the normal force dN (θ ) around the contact annulus is obtained by requiring that the component of the net torque in the plane of the unit vectors e v and e T be zero, and that the component of the net force in the z-direction be zero as well.
To leading order in the small quantity v/(rω), dN(θ) = to leading order in v/(rω); higher order terms are not included in this investigation. We also emphasize that we focus on motion where the cylinder's contact annulus remains in full contact with the smooth surface throughout the motion. The equations for the net force, F = F T + F v = F T e T + F v e v , and the net torque, τ = τ e z are as follows:
In Fig. 1 , we show the coordinate systems used. Included in Fig. 1 is the angle ψ(t) from the initial direction of motion to the instantaneous direction of motion; we will use ψ(t) in both the exact analytical solution and in obtaining the numerical results.
Exact analytical solution
From (1)- (3), we note that a special case exists for which these equations can be solved exactly, even though the lateral deflection can be quite large. The special case requires v(t) and ω(t) to have the same time dependence, so that rω(t)/v(t) ≡ rω 0 /v 0 is a constant through the full duration of the motion. In this special case, the force and the torque are constant, and the equations of motion take the following form:
where the important physical quantities have been shown explicitly, and the dimensionless integrals J T (s), J v (s), and J τ (s), are given by comparing (1)-(3) with (4): these integrals are functions of the ratio s ≡ rω 0 /v 0 . Note that all three integrals approach unity in the large s limit. Also, we have extracted the factors v 0 /(rω 0 ), a, and b in the expressions for F T and F v to reveal explicitly the leading behaviour in the large s limit. From τ = I dω(t)/dt, where I is the moment of inertia of the cylinder, and
where t is the time elapsed after the cylinder has been released and t 0 is the time at which the cylinder comes to rest. Using Fig. 1 , we have
Next, we introduce a noninertial, rotating frame, as this allows us to easily obtain an expression for ψ(t). At time t, the rotating frame has its origin located directly under the center of mass of the cylinder, with the origin stationary and with the noninertial frame rotating with an angular speed (t) such that the cylinder appears, in the rotating frame, to be moving radially outward from the origin with no lateral motion. Employing the standard methods [7] , we easily find that
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Note that the minus sign ensures ψ(t) ≥ 0 for all t ≥ 0 and that ψ 0 gives the scale for ψ(t). At first glance, there appears to be a problem with the divergence of ln(1 − t/t 0 ) as t → t 0 . We will soon see that (6) and (7) give physically reasonable trajectories. We will also note below that this apparent divergence requires an exact geometry of the cylinder, i.e., a precise value of I , and that any cylinder having an arbitrarily small deviation from this specific geometry follows a trajectory that is arbitrarily close to that given by (6) and (7). We also note that, in addition to the requirement of the geometry of the cylinder, the divergence further requires a perfectly smooth surface and a perfectly smooth contact annulus.
Before obtaining trajectories for this special case, we determine the geometry required by the cylinder and in so doing we also obtain a more meaningful expression for ψ 0 .
From Fig. 1 we have
We also have, from (6), and (7), that
Equations (8) and (9) give |F T | = Mv 0 ψ 0 /t 0 and |F v | = Mv 0 /t 0 . These two expressions, along with the first two of (4) in turn give
Equating the expression for t 0 in (5) with that of (10) gives the moment of inertia I required for this exact analytical case
Using this result for I in (7) for ψ 0 , or using t 0 and ψ 0 as given in (10), results in the following expression for ψ 0 :
From this we see that a large value of ψ 0 results when the ratio hµ 0 /r is large; recall that the J integrals approach unity for rapid rotation.
Integrating (6) gives the following for the trajectory of the center of mass of the cylinder:
Equations (13) and (14) are exact analytical expressions that allow us to easily investigate the nature of the trajectories of rapidly rotating cylinders sliding on smooth surfaces. Adjusting the value of the parameter ψ 0 , as given by (12), reveals that the path of the cylinder can have novel qualitative forms. For example, we find that the cylinder can undergo as much lateral deflection as net displacement in the Fig. 2 . We show three possible trajectories. The top curve is for ψ 0 = 2.1; note that the lateral deflection is approximately the same as the net displacement in the initial direction of motion. The middle curve is for ψ 0 = 5; the cylinder traces a spiral path. The bottom curve is for very rapid initial rotation: ψ 0 = 20; several spirals result, and the final location is almost perpendicular to the initial direction of motion. These three curves were generated using the analytical equations in the text, and were verified using a numerical computer program. In each of the trajectories, distance is in units of v 0 t 0 . See text for more details.
initial direction of motion. For a large enough initial angular speed, the trajectory exhibits a spiral path. With a very large value of ψ 0 , one can obtain a path that is "almost circular"; i.e., the cylinder executes numerous almost circular paths, until it finally comes to rest. The final location of the center of mass of the cylinder is given by (13) and (14):
, and y(t 0 ) = 2v 0 t 0 /(4 + ψ 2 0 ). The ratio x(t 0 )/y(t 0 ) = ψ 0 /2 shows that the final location for large ψ 0 is almost transverse to the initial direction of motion.
Note, from (4) , that |F T |/|F v | = ψ 0 , with ψ 0 given by (12). We, therefore, reproduce circular motion in the limit where ψ 0 is large, as expected on physical grounds.
The almost circular trajectory for very large ψ 0 is reminiscent of the path of a boomerang, in the sense that the cylinder almost returns to its starting point, not unlike the return of a boomerang. However, not only is the underlying physics of these two cases quite different, but the shape of the paths in the two cases are also different. Some sketches of paths of boomerangs are given in ref. 8; these paths are not close to circular. Another publication on boomerangs [9] investigates the physics underlying a "straight" boomerang.
Examples of trajectories of the cylinder of the type described above are shown in Figs. 2 and 3 . In both figures, we plot distance in units of v 0 t 0 ; i.e. We point out that not all quantities can have "simple" (or "nice") values. This is a consequence of (12): given the values of r, ω 0 , and v 0 , the value of s fixes the values of the three J integrals. Consequently, to have a simple value for ψ 0 requires a specific value for hµ 0 /r. Note again that other values will give the same shape for the trajectory provided only that the values of ψ 0 are the same in both cases. 
Numerical results
Using Fig. 1 , it is straightforward to write a computer program that gives the trajectory for the cylinder for any case of interest. We used this program to examine many different cases. First, however, we verified that the program was correct by comparison with two analytical results. One was for small curl distance and slow rotation, i.e., |x(t 0 )/y(t 0 )| << 1 and rω 0 << v 0 [5] . The other was the case given in the previous section of this paper. In both cases the numerical and analytical trajectories were in agreement. The analytical case of the previous section is exact: our analytically and numerically generated trajectories were virtually identical. The analytical curve given in ref. 5 breaks down near the end of the motion and we indeed saw this on comparing the numerical curves to the analytical ones, even though the analytical and numerical trajectories differed only very slightly.
We also verified that, for a cylinder geometry only slightly different than that required for the analytical result above, the trajectory is arbitrarily close to that described by (13) and (14).
Observing trajectories with large curl
One way to observe some of the large-curl trajectories reported in this paper is to project a curling rock over a smooth, flat sheet of ice (we used a sheet of "hockey ice"). Ensure that the temperatures of the rock and the ice are the same. Give the rock a small initial translational speed, and a very large initial angular speed; i.e., the rock rotates rapidly and slides slowly over the flat ice surface. After a few attempts, one can easily find trajectories of the type shown in the upper two paths of Fig. 2 .
Note that these trajectories are strikingly different as compared to the trajectories of rapidly rotating curling rocks sliding slowly on "pebbled" ice. (In the case of pebbled ice, the curl is very small even though the rotation is rapid.)
Conclusion and outlook
We have shown in this paper that rapidly rotating cylinders can exhibit large lateral deflections and can follow novel trajectories. The lateral deflection can be as large as the net displacement in the initial direction of motion. If the initial angular speed is large enough, the trajectory can be a spiral with several loops. With this work we have completed our inquiries as to the motion of rotating cylinders sliding on smooth surfaces (i.e., with no melting). A number of further investigations are possible. We, however, will next pursue in more depth the motions exhibited by curling rocks sliding on "pebbled" ice. We note that rapidly rotating curling rocks enjoy only a small lateral deflection, as we have reported previously [2] , which is in sharp contrast to the trajectories reported in this paper. The maximum possible curl for a curling rock [10] is much smaller than the lateral deflections described in this paper. A chief element of future endeavors will be to obtain and report experimental results, and to use these to improve theoretical models that have been presented in earlier works [1, 2, 5] .
